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Gibbs Pair Potential of Highly-charged Particles in Colloid Dispersions
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Abstract

By integrating all degrees of freedom of the electric field and small ions with an ensemble averaging, we construct thermodynamic quantities for 
colloid dispersions. The unoccupied volume is accepted as the proper thermodynamic variable to describe the chemical and thermal equilibrium 
of the small ions in the region outside of all the particles. Using the electric potential of the dispersion which satisfies a set of equations derived by 
linearizing the inhomogeneous Poisson-Boltzmann equation, we calculate the electric part of the internal energy and obtain that of the Helmholtz 
free energy by applying the Legendre transformation with respect to temperature. The electric part of the Gibbs free energy can be deduced from 
that of the Helmholtz free energy by the two means of the total sum of chemical potentials and the Legendre transformation with respect to the 
unoccupied volume. Thus the thermodynamic theory has been successfully formulated for the colloid dispersion. The pair potential derived from 
the Gibbs free energy possesses a medium-range strong repulsive part and a long-range weak attractive tail being additionally affected by the 
fraction of the unoccupied volume.
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1. Introduction

Adiabatic pair potentials are the key concepts required to ex-
plain a rich variety of phenomena taking place in colloid disper-
sions. By calculating the Helmholtz free energy F of the dis-
persion, Derjaguin and Landau 1) and independently Verwey and
Overbeek 2) (DLVO) derived a purely-repulsive pair potential UF

of screened Coulombic type. Combining this repulsive potential
UF with the van der Waals-London attractive potential UA, they
succeeded in proving the Schulze-Hardy rule for coagulation and
explaining short-range phenomena related to the stability and in-
stability of concentrated colloid dispersions.

The DLVO scheme, however, failed to describe long-range
phenomena such as the instability of colloid crystals. Namely,
while the theory predicted 3) that an increase of the salt concentra-
tion works to stabilize the colloid crystals, Hachisu et al. demon-
strated 4) that the increase of the salt concentration causes the col-
loid crystals to melt into disordered states by careful observations
of the iridescence in dispersions of polystyrene latexes with dif-
ferent particle fractions and salt concentrations. The DLVO the-
ory has faults in the description of long-range electric phenomena
in colloid dispersions.

To elucidate the origin of the salt-induced melting of colloid
crystals 4) and the coexisting ordered and disordered states in the
dispersions 5), Sogami et al.6–9) calculated the Gibbs free energy
G of the dispersion by taking the sum of all chemical potentials.
The Gibbs pair potential UG derived from G has been shown to
describe the long-range as well as short-range behaviors of col-

1 Department of Physics, Kyoto Sangyo University, Kyoto 603-8555, Japan
2 Department of Physics, University of York, Heslington, York YO10 5DD, UK
3 School of Physics, University of Hyderabad, Hyderabad- 500 046, Telangana, India
4 Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
(E-mail: sogami@cc.kyoto-su.ac.jp)

loid dispersions 10–12). Applying the Monte Carlo simulation with
UG, Tata et al. 13–17) made extensive studies of the long-range
phase behavior of colloid dispersions and succeeded in describ-
ing the main features of phase transitions observed in the dilute
dispersions of highly charged particles of polystyrene latex and
silica colloids 18–25).

In this article, we re-investigate closely the relation between
the Helmholtz and Gibbs free energies of the dispersions in
the framework of the inhomogeneous Poisson-Boltzmann equa-
tion6,7). As a key ingredient of the theory, we employ an en-
semble averaging 26) to the domains for the integrals which de-
fine thermodynamic quantities of the dispersion. By applying this
statistical procedure and accepting the unoccupied volume of the
colloid dispersion as the proper thermodynamic quantity 8,26), we
find that the two free energies can be related through the two ways
of the total sum of chemical potentials and the Legendre transfor-
mation, just as for a homogeneous thermodynamic system. The
pair potential UG derived from the Gibbs free energy G possesses
a long-range weak attraction tail being additionally affected by
the fraction of the unoccupied volume.

2. The Poisson-Boltzmann equation and ensem-
ble averagings to integral domains

In a colloid dispersion with temperature T and volume V ,
the particles are tentatively presumed to take the configuration
{R} = {R1,R2, · · · ,RN} where Rn is the center of mass coor-
dinate of the n-th particle. The electric potential of the dispersion
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Ψ(r) satisfies the Poisson equation

ε∇
2
Ψ(r) =−4π

∑
j

z jen j(r)−4π f̄−1
∑

n
Zneρn(r) , (1)

where n j(r) is the distribution function of the small ions of the j-
th species and ρn(r) is the surface-charge distribution function of
the n-th particle with the valence Zn. The meaning and necessity
of the factor f̄−1 are clarified below. See Eqs.(3), (5) and (8).

In the dispersion with a definite particle-configuration {R},
the small ions are distributed in the unoccupied region V ({R})
which is outside of all particles, i.e.,

V ({R}) = {r ∈V : r /∈ vn(Rn), ∀n} , (2)

where vn(Rn) is the region occupied by the n-th particle. It is
crucial to recognize the point that there exist an overwhelming
number of the unoccupied regions which are thermodynamically
equivalent in the dispersion. Accordingly, to construct a thermo-
dynamic quantity of the dispersion, we have to apply an appro-
priate Ensemble Averaging to the domains for the integral of its
density.

Taking an analogy with the micro-canonical ensemble in sta-
tistical mechanics in its simplest form, we postulate here that
the thermodynamic quantities are obtained by averaging contri-
butions from all patterns of unoccupied regions V ({R}) with
equal weight. With this averaging, called Flat Ensemble Aver-
aging (FEA), the thermodynamic quantity Q[Ψ] is determined by
the integral of its density Q[Ψ(r)] over the whole dispersion with
the volume V as follows:

Q[Ψ] =

[∫
V ({R})

Q[Ψ(r)]dV
]

FEA
= f̄

∫
V

Q[Ψ(r)]dV (3)

with a proportionality factor f̄ . Remark that the FEA procedure
concerning exclusively the integral domain does not affect the in-
formation on the particle configuration {R} stored in the electric
potential Ψ(r).

To determine the factor f̄ , it is sufficient to calculate the vol-
ume V of the unoccupied region in the FEA scheme. By setting
Q[Ψ(r)] = 1 in Eq.(3), we obtain

V ≡
[∫

V ({R})
dV
]

FEA
= V −

[∑
n
〈vn({Rn})〉

]
FEA

= V −
∑

n
〈vn〉= f̄V , (4)

where 〈vn〉 is the volume occupied by the n-th particle. Therefore,
the proportionality factor f̄ is determined to be

f̄ =
V
V

= 1− 1
V

∑
n
〈vn〉= 1−φ . (5)

The quantities φ =
∑
〈vn〉/V and f̄ are interpreted, respectively,

as the volume fraction of the particles and the fraction of the un-

occupied volume of the system. The fraction f̄ plays an indis-
pensable role in the present formalism. Notice that the FEA pro-
cedure which concerns exclusively the integral domain does not
affect the information stored in the electric potential Ψ(r).

Following the convention of colloid science, we postulate that
the small ions in the dispersion are in a thermal equilibrium de-
scribed by the Boltzmann distribution function

n j(r) = n j0 exp
(
−

z je
kBT

Ψ(r)

)
(6)

with the normalization constant n j0. By applying the FEA for-
mula (3) to the density function n j(r), the number N j of the small
ions of j-th species is expressed as follows:

N j =

[∫
V ({R})

n j(r)dV
]

FEA
(7)

which relates the normalization constant n j0 to the number N j.
Note that the surface-charge distribution function ρn(r) of the n-
th particle in the last term of Eq.(1) is normalized as

[∫
V ({R})

f̄−1
ρn(r)dV

]
FEA

=
∫

V
ρn(r)dV = 1 . (8)

Let us cast the Poisson equation (1) as a whole into the FEA for-
mula (3). Then, Eqs.(7) and (8) bring forth the condition of charge
neutrality, viz.,

∑
j

z jN j +
∑

n
Zn = 0 . (9)

Equations (1), (6), (7) and (8) constitute the framework for the
well-known Poisson-Boltzmann (PB) equation. Evidently, the PB
equation is invariant under the weak gauge transformation

Ψ(r)→Ψ(r)+ c , (10)

where c is an arbitrary constant.
The proportionality factor f̄ plays the vital role of taking com-

pactly the effect of the unoccupied volume into account in the
theory. While it works to reduce effectively the value of the in-
tegral over the volume of the dispersion in the defining equation
(3), its inverse f̄−1 acts to enhance the effect of the electric charge
of the particles in the Poisson equation (1). Consistent cancella-
tion of these effects assures the condition of charge neutrality (9)
to hold. If the factor f̄−1 were not included in the term of the
surface-charge distribution function in the Poisson equation (1),
the FEA prescription would fail to produce the neutrality relation
(9). It is this factor that enables us to interrelate the two free ener-
gies F and G through the Legendre transformation, as proved in
section 5.
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3. Linearization of the PB equation

To obtain analytical solutions of the PB equation in the three
dimensional problem, the Boltzmann distribution function n j(r)

must be linearized. Expanding the distribution function and re-
taining terms up to the first order with respect to Ψ(r) in Eq.(1),
we find the linearized inhomogeneous equation

ε

(
∇

2− κ̄
2
)

Ψ(r)+4π f̄−1
∑

n
Zneρn(r)

=−4πe
1
V

∑
j

z jN j− εκ̄
2 1

V

∫
V

Ψ(r)dV, (11)

where κ̄ is a new quantity related to the Debye shielding factor κ

as follows:

κ̄
2 =

4πe2

εkBTV

∑
j

z2
j N j

= f̄−1

 4πe2

εkBTV

∑
j

z2
j N j

= f̄−1
κ

2 . (12)

Here it is requisite to recognize that the linearized equation (11)
still preserves the weak gauge symmetry in Eq.(10). Further, by
applying the FEA procedure in Eq.(3) to Eq.(11), the condition of
charge neutrality in Eq.(9) can be confirmed to hold.

The redundancy of the weak gauge symmetry of the linearized
equation can be fixed in a natural way. Expressing the right-hand
side of the equation (11) by a constant R, we can rewrite it into
two relations. Then the replacement Ψ(r)→Ψ(r)−R/(εκ̄2) in
both relations provides us with the Linearized Poisson-Boltzmann
(LPB) equation, with the square of the new shielding parameter
κ̄2, as

(
∇

2− κ̄
2
)

Ψ(r) =−4π f̄−1
∑

n
Zneρn(r) (13)

and additionally the integral equation as follows:

4πe
∑

j

z jN j + εκ̄
2 f̄
∫

V
Ψ(r)dV = 0 . (14)

The fraction of the unoccupied volume f̄ in Eqs.(13) and (14)
works consistently to determine the magnitude of the electric po-
tential Ψ(r) in the whole dispersion.

Colloid science had started its history with the legacy of the
Debye-Hückel theory 27,28) for strong electrolytes which consist
solely of small ions. We should realize that, since then, the orig-
inal linearized PB equation with the Debye shielding parameter
κ has been used for more than 80 years to investigate the colloid
dispersions. Surprisingly it was not till the linear approximation
had been formulated in the FEA scheme 26) that the LPB equa-
tion (13) with the new shielding parameter κ̄ and the constraint
relation (14) were found.

4. The electric potential of the dispersion

Hereafter, a mathematical expedient of the thermodynamic
limit (V →∞) is taken in order to solve the equations (13) and
(14) analytically and carry out coordinate integrations for con-
struction of the thermodynamic functions in compact ways.

Substituting the integral representations

Ψ(r) =
1

(2π)3

∫
Ψ̃(k)eik·rdVk (15)

and

ρn(r) =
1

(2π)3

∫
ρ̃n(k)eik·rdVk (16)

into the LPB equation (13), we find the relation

Ψ̃(k) = f̄−1
∑

n
4π

Zne
ε

1
k2 + κ̄2 ρ̃n(k) (17)

between the Fourier transforms Ψ̃(k) and ρ̃n(k).
To represent the surface charge of the particle, let us adopt

Dirac’s distribution 6,7) as follows:

ρn(r) =
1

4πa2
n

δ (|r−Rn|−an) . (18)

Its Fourier transform is given by

ρ̃n(k) =
∫

ρn(r)e−ik·rdV = e−ik·Rn fn(k) (19)

with the form factor

fn(k) =
sinkan

kan
. (20)

Then we can readily confirm that the electric potential Ψ(r) rep-
resented by the integral in Eq.(15) with the Fourier transform (17)
satisfies the restrictive condition (14) in the thermodynamic limit
since ρ̄n(0) = 1.

5. Thermodynamic functions

For the sake of brevity, we investigate the thermodynamic func-
tions of a dispersion consisting of mono-disperse particles with
effective valence Z and radius a. The Fourier transform of the
electric potential Ψ(r) of the dispersion is expressed as follows:

Ψ̃(k) = f̄−14π
Ze
ε

∑
n

f (k)
1

k2 + κ̄2 e−ik·Rn , (21)

where f (k) is the form factor in Eq.(20) with the radius a.

5.1 Internal electric energy

The Z-dependent part of the internal electric energy can
be obtained by integrating the electric field energy density
ε[∇Ψ(r)]2/8π in the FEA scheme as follows:

EZ =
ε

8π

[∫
V
[∇Ψ(r)]2 dV

]
FEA

=
ε

8π
f̄
∫

[∇Ψ(r)]2 dV , (22)

360305–3



K. Koizumi, et al.

where the integral is taken at the thermodynamic limit of infinite
volume.

Substituting the Fourier integral representation of Ψ(r) into
Eq.(22) and carrying out the coordinate integration, we obtain the
Z-dependent part of the internal energy in the form

EZ =
ε

8π
f̄

1
(2π)3

∫
k2

Ψ̃(−k)Ψ̃(k)dVk

=
1
2

∑
m6=n

UE(Rmn)+
∑

n
V E , (23)

where

UE(Rmn) =
1
πi

f̄−1 Z2e2

εRmn

∫ ∞
−∞

[ f (k)]2
k3

(k2 + κ̄2)2 eiRmnkdk (24)

is the electric pair potential between the m-th and n-th parti-
cles with center to center distance Rmn = |Rm−Rn| and the R-
independent term

V E =
1

2π
f̄−1 Z2e2

ε

∫ ∞
−∞

[ f (k)]2
k4

(k2 + κ̄2)2 dk (25)

indicates the single potential of the particle in the dispersion.
The integral in Eq.(24) is computed from the contribution of

the double pole at k = iκ̄ . The particles with the effective valence
Z and radius a have the adiabatic electric pair potential

UE(R) = f̄−1 Z?2e2

ε

[
κ̄acoth(κ̄a)

R
− 1

2
κ̄

]
e−κ̄R , (26)

where R is the center-to-center distance and Z? is the effective
valence defined by

Z? = Z fn(iκ̄) = Z
sinh κ̄a

κ̄a
. (27)

The electric pair potential UE(R) thus obtained possesses
medium-range repulsion and long-range attraction of intermedi-
ate strength.

Similarly, the electric single potential can be calculated as fol-
lows:

V E = f̄−1 Z2e2

4εa

[
1

2κ̄a

(
1− e−2κ̄a

)
+ e−2κ̄a

]
. (28)

For the sake of simplicity, we concentrate our attention to the pair
potentials and do not consider the single potentials of the free
energies.

The internal energy is the thermodynamic function possessing
the entropy as one independent thermodynamic variable. There-
fore, it is not suitable to use the pair potential UE(R) in Eq.(26)
for the description of the isothermal processes taking place in col-
loid dispersions. Historically, Levine and Dube 29,30) had inves-
tigated the internal energy of the colloid dispersion and derived
first the adiabatic pair potential. Their pair potential which is es-
sentially equivalent with UE(R) in Eq.(26) was the forerunner of
the DLVO potential. In the present formalism also, we carried

out here foremost the Z-dependent part of the internal energy EZ

and its associate pair potential UE(R) as a preliminary step neces-
sary to deduce the quantities related with the free energies which
possess the temperature as one thermodynamic variable.

5.2 Helmholtz free energy

It is relevant to regard the colloid dispersion as a homoge-
neous system with respect to the temperature T since the sol-
vent molecules possessing the largest thermodynamic degrees
of freedom work to preserve the system in an isothermal state.
Therefore, the internal energy and the Helmholtz free energy,
E and F , can be related through the Legendre transformation
E = F−T (∂F/∂T ), which provides the relation

∂

∂T

(
FZ

T

)
=−EZ

T 2 (29)

for their Z-dependent parts EZ and FZ .
Following the decomposition in Eq.(23), we express the Z-

dependent part of the Helmholtz free energy FZ in terms of its
pair potentials UF (Rmn). Then the relation (29) holds also for the
pair potentials UF (Rmn) and UE(Rmn). By using the expression
for UE(Rmn) in Eq.(24) and applying the integral formula

∫ T

∞

k2

(k2 + κ̄2)2T 2 dT =− 1
(k2 + κ̄2)T

, (30)

it is straightforward to obtain the integral representation

UF (Rmn) =
1
πi

f̄−1 Z2e2

εRmn

∫ ∞
−∞

[ f (k)]2
k

k2 + κ̄2 eiRmnkdk (31)

for the Helmholtz pair potential. The residue calculation in the in-
tegral leads to the Helmholtz pair potential in the following com-
pact form as

UF (R) = f̄−1 Z?2e2

ε

1
R

e−κ̄R . (32)

This repulsive potential has the same functional form as
the widely-accepted DLVO potential. Using the fact that the
Helmholtz free energy is the thermodynamic function related di-
rectly to the mechanical work in an isothermal process, the DLVO
potential had been determined 31) without resort to calculating
thermodynamic functions. Namely, we can interpret the DLVO
potential as the work done by a particle in the shielded Coulombic
field of another particle from infinity to the position with relative
distance R. Such a heuristic method, however, fails to estimate
correctly effects of the small ions possessing a large thermody-
namic degrees of freedom. To properly evaluate their effects, we
have to investigate explicitly the relations of the Helmholtz and
Gibbs free energies of the dispersion.

5.3 Gibbs free energy

For the mono-disperse system consisting of the N particles
with valence Z, the charge neutrality condition (9) takes the form
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∑
j z jN j + NZ = 0. The Helmholtz free energy of the system

where the small ions are in chemical and thermal equilibrium
coexisting with the particles can be schematically expressed as
F(T,V ;N j,Z : {R}) where the information on the configuration
{R} is assumed to be preserved through the electric potential
Ψ(r). Let us postulate that the quantities N j, Z, V and F can pre-
serve extensive properties provided that their variations are lim-
ited to be sufficiently small. Accordingly, there holds the relation

(1+ ε)F(T,V ;N j,Z : {R})

= F(T,(1+ ε)V ;(1+ ε)N j,(1+ ε)Z : {R}) (33)

for an infinitesimal ε . Expanding this with respect to ε and re-
taining its first order, we find the equation

F−V
∂F
∂V

=
∑

j

N j
∂F
∂N j

+Z
∂F
∂Z

. (34)

The right-hand side of the relation (34) represents the Gibbs
free energy G in terms of the total sum of the chemical poten-
tials 6,7). Consequently, its Z-dependent part GZ can be calcu-
lated from FZ through the equation GZ =

∑
j N j(∂FZ)/(∂N j)+

Z(∂FZ)/(∂Z). Just like the decomposition of EZ in Eq.(23), the
Z-dependent part GZ can be expressed in terms of its pair poten-
tial UG(Rmn). Then, the pair potentials UG(R) and UF (R) satisfy
the equation

UG(R) =
∑

j

N j
∂UF (R)

∂N j
+Z

∂UF (R)
∂Z

. (35)

The left-hand side of Eq.(34) shows that the Gibbs free energy
G is given from the Helmholtz free energy F via the Legendre
transformation with respect to the unoccupied volume V . Conse-
quently, the Z-dependent parts of the two free energies, GZ and
FZ , have to obey the relation GZ =FZ−V (∂FZ)/(∂V ) which pro-
vides the equation for the Gibbs and Helmholtz pair potentials,
UG(R) and UF (R), as follows:

UG(R) =UF (R)−V
∂UF (R)

∂V
. (36)

Substituting the integral representation of UF (R) in Eq.(31)
into the two equations (35) and (36) and using the integral ex-
pression (24) for UE(R), we can prove that both of the equations
bring forth the identical relation

UG(R) = UE(R)+UF (R)

= f̄−1 Z2e2

ε

[
sinh(κ̄a)

κ̄a

]2

×
[

1+ κ̄acoth(κ̄a)
R

− 1
2

κ̄

]
e−κ̄R (37)

for the Gibbs pair potential. The resultant potential UG(R) =
UE(R) +UF (R) inherits the advantageous aspects of the two
component potentials UE(R) and UF (R). In the long-range re-
gion, the attraction of medium strength of UE(R) is suppressed

–8

–6

–4

–2

0

2

4

6

2 3 4 5 6 7

Fig. 1 The Gibbs pair potential in the reduced form εa f̄UG/Z2

versus R/a for values of the parameter κ̄a from 1.0 to
2.0.

by UF (R) leaving the weak attractive tail which can explain a va-
riety of phase transformations with small energy differences. In
the short-range region, both of the component potentials enhance
cooperatively the repulsive effect so as to stabilize the dispersion.
Figure 1 shows schematically the behavior of the Gibbs pair po-
tential in the reduced form εa f̄UG/Z2 against R/a for the values
of the parameter κ̄a from 1.0 to 2.0.

6. Comparison of the new and original Gibbs
pair potentials

In the previous theory6,7) formulated before the notion of en-
semble averaging was introduced, the Gibbs free energy was cal-
culated one-sidedly by taking the summation of chemical poten-
tials and the associated pair potential UG

o (R) was obtained in the
following form as

UG
o (R) =

Z2e2

ε

[
sinh(κa)

κa

]2 [1+κacoth(κa)
R

− 1
2

κ

]
e−κR (38)

which we call here the original Gibbs pair potential. The new
pair potential UG(R) legitimized in the FEA scheme is reduced
to this preceding potential UG

o (R) by removing the multiplier f̄−1

and replacing the shielding parameter κ̄ with κ . The two poten-
tials UG(R) and UG

o (R) have the same structure as the function
of inter-particle distance R. The difference between them exists
exclusively in the dependence of their coefficients on the fraction
factor f̄ .

To concretely compare the two potentials UG(R) and UG
o (R),

we consider a dispersion of mono-disperse particles in which
counterions and salt ions are assumed to be univalent. Using the
condition of charge neutrality, the shielding parameters κ and κ̄

can be expressed as follows:

κ
2 =

4πe2

εkBT

(
|Z|np +2Cs

)
= (1−φ) κ̄

2 , (39)

where np is the particle concentration related to the particle vol-

360305–5



K. Koizumi, et al.
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0
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− 4
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Fig. 2 Comparison of the new and original Gibbs pair poten-
tials, UG and UG

o , in the unit of thermal energy kBT for
the salt concentration Cs = 4×1021 1/m3. The solid and
dashed lines represent, respectively, the curves of the
potentials UG and UG

o for the volume fraction φ = 0.03
(upper panel) and φ = 0.15 (lower panel). The verti-
cal dotted lines indicate the average interparticle sepa-
rations.

ume fraction as φ = (4πa3/3)np and Cs is the salt concentration.
In Fig. 2, the behaviors of the new and original pair potentials

for a dispersion with temperature T = 297K and dielectric con-
stant ε = 80 consisting of particles with valence Z = 1500 and
radius a = 200nm are shown for different values of the volume
fraction φ and the salt concentration Cs = 4× 1021 1/m3. The
curves of the two potentials are almost degenerate for the semi-
dilute dispersion with φ = 0.03 in the upper panel. Since the av-
erage interparticle separation indicated by the vertical dotted line
around R/a≈ 5.2 is larger than the minima of the two potentials,
the particles are affected by the weak attractive tails of both po-
tentials. In the semi-concentrated dispersion with φ = 0.15, the
two potential curves become somewhat different as exhibited in
the lower panel. As the vertical line around R/a≈ 3 implies, the
interparticle separation becomes smaller than the potential min-
ima and the particles experience the repulsive parts of both of the
adiabatic potentials.

In the literature, there exist many reports of experimental stud-
ies on the phase structures of colloid dispersions with various val-
ues of volume fraction 4,5,18–25,32). It is crucial to notice that the
rich variety of phase behaviors are observed mainly in the di-
lute dispersions (φ ≤ 0.03) of highly-charged particles and that
the original potential UG

o (R) played a crucial role in clarifying
the existence of the long-range weak attraction in the particle in-
teraction. In such dilute dispersions, the difference between the
pair potentials UG(R) and UG

o (R) is so small, as confirmed in the
upper panel of Fig. 2 that it will be very difficult to experimen-
tally verify or falsify the subtle difference between them. Ac-
cordingly, we can accept safely all results of the past analyses on

experimental data of dilute dispersions carried out by the Monte
Carlo 13–16) and Molecular Dynamics 33–35) simulations with the
original Gibbs pair potential UG

o without any modification.
Comparison of the two panels in Fig. 2 shows that the differ-

ence between the new and original Gibbs pair potentials is en-
hanced in proportion to the volume fraction φ . Nevertheless, we
must be aware that the phenomena induced by purely-repulsive
forces in concentrated dispersions are not conspicuous enough to
quantitatively distinguish the two potentials. Therefore, we have
to design a programme of future experiments using the mono-
disperse colloid dispersions with the volume fraction covering the
concentrated and intermediate regime in order to observe the dif-
ference of the new and original Gibbs pair potentials.

7. Summary and discussion

By postulating the FEA scheme and choosing the unoccupied
volume as the proper thermodynamic variable of the dispersion,
we have succeeded in deriving the Gibbs pair potential UG(R)
in Eq.(37) through the two routes of the Legendre transformation
and the summation of the chemical potentials. This is a remark-
able result since a colloid dispersion is a complex system consist-
ing of multi-components with different time scales and exhibiting
a variety of phase behaviors depending sensitively on the volume
fraction of particles and the salt concentrations. With a suitable
statistical prescription and appropriate choice of variables, ther-
modynamics turns out to provide a potent framework which can
describe essential characteristics of macroionic complex systems.

Here it is worthwhile and instructive to question what results
from the Legendre transformation in Eq.(36) when V is replaced
by the volume of the dispersion V . We can readily confirm that
this attempt leads to the relation UG(R) = ( f̄−1 − 1)UF (R) +
UE(R) which disagrees with the result UG(R) =UE(R)+UF (R)
obtained from Eq.(35). Therefore, the choice of the unoccupied
volume V as the proper thermodynamic variable is attested to be
indispensable in the present theory of colloid dispersions in the
FEA scheme.

The original potential UG
o (R) which played a decisive role in

establishing the existence of the long-range attraction between
highly-charged particles has now been superseded in principle by
the new potential UG(R) derived from the Gibbs free energy in
the present thermodynamic theory for colloid dispersions formu-
lated with the FEA prescription. To experimentally demonstrate
the superiority of the new potential UG(R) over the original po-
tential UG

o (R), it is necessary to prepare highly mono-disperse
colloid dispersions, both with respect to particle charge and ra-
dius, and undertake systematic and precise observations of char-
acteristics of the dispersions over wide ranges of the values of
the volume fraction of particles and the salt concentration. One
promising method for such precise observations is the Kikuchi-
Kossel diffraction experiments 21,22) of colloid dispersions under
the microgravity environment in the ‘‘Kibo module’’ on the In-
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ternational Space Station (ISS). In parallel, we have to carry out
Monte Carlo and Molecular Dynamics simulations by using both
of the Gibbs pair potentials and compare the results with the data
obtained by the experiments. In this connection, we should re-
mark the report36) that the sharp boundary of a void observed in
the complex plasma requires the existence of an attractive force
between dust particles. The ISS provides an idealistic micrograv-
ity environment being suitable to study homogeneous 3D systems
of complex plasma 37).
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