
Int. J. Microgravity Sci. Appl. Vol. 31 No. 2 2014 (55–61)

IIIIII Microgravity Experiments by Aircraft Parabolic Flights IIIIII
(Review)

Study of Cylindrical Dusty Plasmas in PK-4J; Theory and Simulations

Hiroo TOTSUJI 1, Chieko TOTSUJI 2, Kazuo TAKAHASHI 3 and Satoshi ADACHI 1

Abstract

An overview on theoretical works and numerical simulations on dusty plasmas with cylindrical symmetry is presented. The main purpose of
these works has been to investigate strongly coupled dusty plasmas which are expected to be realized in the planned experiments by PK-4 on the
International Space Station and experiments by PK-4J, a similar apparatus constructed here. The distribution of dust particles is analyzed, both
analytically and numerically, first on the basis of the drift-diffusion equations as continuum and then numerical simulations have been performed,
taking the effect of discreteness into account.
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1. Introduction

In the investigations of fundamental properties of strongly cou-
pled Coulomb and Coulomb-like systems, dust (fine) particles of
micron size in plasmas have been very useful 1,2). They are eas-
ily traced by scattering of laser light and strong coupling is real-
ized due to negative charges of large magnitude on a particle. In
experiments, it is necessary to have a three-dimensional homo-
geneous system with simple geometry. These particles, however,
are still macroscopic and, in order to avoid the effect of gravity,
experiments on the International Space Station (ISS) have been
performed by the apparatus PK-3 Plus3).

After PK-3 Plus, the project PK-4 on the ISS is now in
progress4). In PK-4, the plasma is generated by a discharge in
a long cylindrical tube. This kind of plasma where the cylindrical
symmetry and the uniformity along the axis are expected is one
of strong candidates for three-dimensional homogeneous system
with simple geometry. Structures of these apparatus are shown in
Fig. 1.

As one of JAXA Working Groups, we have been working on
such cylindrical dusty plasmas in order to make proposals of pos-
sible interesting themes for PK-4 experiments. We here summa-
rize results of our theoretical and simulation works. An overview
of our experimental works based on the similar apparatus PK-4J
is also given in the same issue.

We consider the system of dust particles in a plasma with the
cylindrical symmetry. We assume that the discharge is maintained
by the dc electric field along the axis and also that the polarity of
field is alternating with the frequency around 1 kHz to prevent the
flow of dust particles along the axis. The frequency of polarity
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Fig. 1 In PK-3 PLUS (left), plasma is generated by rf dis-
charge. In PK-4 and PK-4J (right), dc discharge with
polarity switching generates plasma and behavior of
dust particles is observed in the central straight part
which is a long cylinder.

change is much larger than characteristic frequencies of dust par-
ticles and much smaller that those of ions or electrons: Electrons
and ions follow alternating electric field but the field is averaged
to zero for dust particles.

We analyze the behavior of dust particles on the basis of the
drift-diffusion equations assuming electrons, ions, and dust par-
ticles have different temperatures. We then analyze the effect
of discreteness of dust particles, correlation and structure forma-
tions, by numerical simulations.

2. Basic Equations and General Properties of
Solutions with Cylindrical Symmetry

2.1 Drift-Diffusion Equations
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Our system is composed of plasma (electrons and ions) and
dust particles. We denote physical quantities of these compo-
nents by suffixes e, i, or α , α being the species of dust particles.
For densities ne,i,α and flux densities Γe,i,α , we have equations of
continuity,

∂ne

∂ t
+∇ ·Γe =

δne

δ t
, (1)

∂ni

∂ t
+∇ ·Γi =

δni

δ t
, (2)

and

∂nα

∂ t
+∇ ·Γα = 0. (3)

Right-hand sides express the generation and the loss of plasma. In
the drift-diffusion approximation, flux densities are expressed by
diffusion coefficients De,i,α and mobilities µe,i,α . We assume that
these are related via the Einstein relations with the temperature of
corresponding component, Te,i,α .

The force acting on a dust particle of species α with the charge
−Qα e is given by

Fα = (−Qα e)E+F id
α , (4)

where the first term is due to the electric field E and the second
term is the ion drag force. The ion drag force has been investi-
gated extensively1) and it has been shown that the magnitude is
approximately proportional or inversely proportional to the ratio
of the average ion drift velocity ui and the ion thermal velocity
vi = (kBTi/mi)

1/2:

F id
α ∝

ui

vi

(
ui

vi
< 1
)
, F id

α ∝
vi

ui

(
ui

vi
> 1
)
. (5)

We express this force by appropriately choosing proportionality
constants.

2.2 Generation and Loss of Plasma and Charging of
Dust Particles

In our system, the axial electric field with alternating polarity is
applied. The electron motion along the axis generates the plasma
by the impact ionization. We express the generation rate per vol-
ume in the form cgne with the coefficient cg which is assumed to
be constant in the system.

The plasma is lost by recombination at the boundary of the
system (wall) or the surface of dust particles (we neglect the re-
combination in the plasma bulk). The charge of the particle α is
determined by the balance between the electron current Ieα and
the ion current Iiα , Iiα = Ieα . The typical value of Qα amounts to
103 or even 104. Denoting Iiα = Ieα by cα , we have the genera-
tion and loss of the plasma in the form

δni

δ t
=

δne

δ t
= cgne−

∑
α

cα nα . (6)

The charge of a particle is approximately proportional to the
radius and the electron temperature and is also influenced by the
ion mean free path1). We take these known effects into account.

2.3 Stationary State with Cylindrical Symmetry

We assume that our system is stationary and cylindrically sym-
metric. In this case, E, F id

α , and ui have only the radial compo-
nent E, F id

α , and ui, respectively, and we introduce the factors fα
and fi related to the ratio of the magnitudes of the ion drag force
to the electric field force by

fα =
F id

α

Qα eE
, fi =

∑
α

fα
Qα nα

ni
. (7)

In terms of s = R2 where R is the radius, we have

2De
d
ds

s
[
− 2

d
ds

ne−
eE

s1/2kBTe
ne

]
=

δne

δ t
, (8)

2Di
d
ds

s
[
− 2

d
ds

ni +(1− fi)
eE

s1/2kBTi
ni

]
=

δni

δ t
, (9)

and

2Dp
d
ds

s
[
− 2

d
ds

nα − (1− fα )
Qα eE

s1/2kBTα

nα

]
= 0. (10)

When the neutral gas density (which determines the generation
rate) is given, these equations, the equation for particle charging,
and the Poisson’s equation determine ne, ni, nα , Qα , and E.

3. Behavior of Solutions

We here analytically discuss behavior of solutions.

3.1 Without Dust Particles

In this case, the above equations give the ambipolar diffusion
equation for n∼ ne ∼ ni,

d
ds

s
d
ds

n+
1

4R2
a

n = 0, (11)

with the solution expressed by the Bessel function

n = n(R = 0)J0(R/Ra). (12)

Here Ra is related to the ambipolar diffusion coefficient Da

Da =
µeDi +µiDe

µe +µi
(13)

via R2
a = Da/cg. We assume that the boundary of the system (the

discharge tube radius) Rw corresponds to the first zero of n(R) as
Rw = 2.41Ra.

The electrostatic potential Ψ is given by

Ψ(R)−Ψ(0)≈ kBTe

e
lnJ0(R/Ra) (14)

12 Int. J. Microgravity Sci. Appl. Vol. 31 No. 2 2014 – 56 –



Cylindrical Dusty Plasmas in PK-4J; Theory and Simulations

and the charge density around the center is

−ε0∆Ψ =
1
A

[
1+

1
4

R2

R2
a
+ . . .

]
en(0). (15)

Here the parameter A is defined by

A = k2
e R2

a, (16)

ke being the electron Debye wave number

k2
e =

e2n(0)
ε0kBTe

. (17)

Usually both the electron and the ion Debye lengths are much
smaller than the system size represented by Ra and A� 1. The
space charge is thus controlled by the electron Debye length and
the quasi-charge-neutrality is satisfied to the order of 1/A relative
to en(0).

3.2 General Behavior near Axis

We here consider the case of dust particles of one species α .
Assuming the normalized charge density at s = 0

∆ =
ni(0)−ne(0)−Qα (0)nα (0)

ne(0)
, (18)

we obtain the solutions in the form of expansions with respect to
s = R2. Since A� 1, we expand ∆ in the form

∆ =
a1

A
+

a2

A2 + . . . . (19)

In order for the solution to behave properly, a1 is shown to be
inversely proportional to a factor including Q2

α Tenα/Tα ne. When
nα (0) = 0, a1 reduces to the case of no particles a1 ≈ 1. We
implicitly assume that the charge density of dust particles, Qα nα ,
is small but not much smaller than electrons or ions. Since Qα is
of the order of 103 or more, the above factor becomes much larger
than unity and we have a1� 1. The electron density around the
axis is then given by

ne(s)
ne(0)

= 1− a1

4
s

R2
a
+ . . . . (20)

The coefficient of the second term, a1/4, is much smaller than
unity and also much smaller than those appearing in similar ex-
pansions for ni(s)/ne(0) and Qα nα (s)/ne(0), the latter two being
the same. The charge density around the axis is thus given by

ni(s)−ne(s)−Qα (s)nα (s)
ne(0)

= a1

(
1
A
+

1
4

s
R2

a

)
+ . . . . (21)

Since a1 � 1, the charge neutrality near the axis is satisfied
to a much better accuracy than the case without particles, (15).
We may intuitively understand this effect as the increased De-
bye wavenumber which is generally given as the sum of charge
squared times density (divided by the temperature).

We thus expect that the almost flat electron density, the en-
hanced charge neutrality near the axis, and the compensation of
increased negative charges of dust particles by ions. These are
also confirmed by numerical solutions shown below. Though the
above analysis is for the case of cylindrical symmetry, we expect
these features generally hold in the general case where we have
appreciable amount of dust particles.

3.3 Void Formation Condition

In experiments under microgravity by PK-3 Plus, they often
observed the existence of central space called ‘void’ where we
have no dust particles 5). Since, in experiments by PK-4J, we
would like to have systems of dust particles which is as large as
possible without void, the condition for the formation of voids is
an important issue.

Two kind of forces act on dust particles; inward force by the
electric field and outward force by the ion drag. When the latter
exceeds the former, dust particles cannot stay around the axis and
the void appears. The condition for the appearance of void is then
given by

fα (0) =
[

F id
α

Qα eE

]
s→0

> 1 when nα (0) = 0. (22)

This is rewritten in terms of basic parameters into a condition for
the product

Qα (0)ne(0)> [Qα (0)ne(0)]c, (23)

where [Qα (0)ne(0)]c is expressed by Te/Ti and `i, the latter being
the ion mean free path determined by the the neutral gas density
nn (or the pressure pn and the temperature Tn).

Since the charge Qα is approximately proportional to the radius
of dust particles rα and the electron temperature Te, the critical
electron density nc

e(0) for void formation is given by

nc
e(0) ∝

T 2
i

Te

pn

Tn

1
rα

. (24)

Actually, the charge Qα also depends on the electron density and
the neutral gas pressure and (23) gives a nonlinear equation. The
result of numerical analysis of this condition has been compared
with numerical analysis of drift-diffusion equations.

3.4 Dust Particles of Two Species and Void-Like
Structure

Let us consider the case where there exist dust particles of two
species α and β with radii rα and rβ , rα > rβ , both satisfying
the no-void condition. Since the charge of a dust particle is pro-
portional to its radius, we have 1 > f α > f β and the effect of ion
drag on the species α is stronger than the one on the species β .
The species α is then located in the outer domain and the species
β is distributed in the inner domain. As a distribution of α , there
is a void at the center filled with smaller dust particles of β .
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Table 1 Parameters

kBTe/e (1∼ 3) eV

Ti 300 K

Tα 300 K

ne(0) (1∼ 3) ·108cm−3

rp (1∼ 3) µm

Rw 1.5 cm

Ra = Rw/2.4 0.63 cm

Table 2 Derived parameters

λe(0) = (ε0kBTe/ne(0)e2)1/2 7.43 ·10−2cm

(ε0kBTi/ne(0)e2)1/2 7.44 ·10−3cm

A = (Ra/λe(0))2 8∼ 72

4. Numerical Analyses of Drift-Diffusion Equa-
tions

Before the numerical treatment, we integrate both sides of
equations with respect to s, noting the behavior of solutions s = 0.
Starting from s = R2 = 0 with some assumed value of ∆, we nu-
merically integrate resultant equations and adjust ∆ so as to have
asymptotically vanishing distributions near the wall: Inappropri-
ate values of ∆ lead to divergence before reaching the wall. Solu-
tions are quite sensitive to the value of ∆ and numerical computa-
tions with very high accuracy are needed.

Values of basic parameters adopted in numerical analyses and
corresponding characteristic parameters are listed in Table I and
II, respectively. The typical radius of the discharge tube Rw is as-
sumed to be around 1.5 cm and Ra is estimated by Ra = Rw/2.41.

4.1 Solutions Without Dust Particles

The solutions without dust particles are shown in Fig. 2. We
observe that the known solutions are reproduced. The positive
space charge increases with the radius, connecting to the domain
of sheath near the outer boundary at R = Rw. The distribution
functions near the wall, however, are not intended to be accu-
rate, similarly to the description by the ambiploar diffusion equa-
tion: Since our interest is mainly in the behavior of dust particles
around the axis, this gives no difficulty to our analyses.

Based on the equations for the moments of the distribution
functions, we can describe the average ion and electron veloci-
ties as functions of radius including the sheath domain near the
wall. It is shown that the ion drift velocity is sufficiently smaller
than the ion thermal velocity at least in the domain R < 0.5Ra

and the description of flux densities by diffusion coefficients and
mobilities is justified.

4.2 Dust Particles of One Species

Some examples of distribution functions, the charge density,
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Fig. 2 Distribution of electrons and ions without dust particles
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Fig. 3 Distribution of electrons, ions, and dust particles (top),
charge density (bottom left and center), and electrostatic
potential (bottom right)

and the potential are shown in Fig. 3. The radius of particle
distribution increases with the density at the center. We observe
the characteristic features described in Section 3 are confirmed in
these results. At the radius where the density of dust particles van-
ishes and the electron distribution begins to decrease, we have the
overshooting of the net positive charge density. When dust par-
ticles exist, the negative charge of dust particles is compensated
by the increase of the ion density. Since the ion diffusion coeffi-
cient is larger than that of dust particles, the decay of dust particle
density cannot be completely followed by the ions. This over-
shooting of ion distribution gives the overshooting of net charge
density.

4.3 Formation of Void

With the increase of the electron density (at the center) ne(0),
the increase of the dust particle radius rp, or the decrease of the
neutral atom density (the gas pressure) pn, there appears the void
at the center. When the void is formed at the center, the density of
dust particles increases with the radius starting from very small
values at the center. The critical values of the parameters are
in good agreement with the numerical analysis of the condition
discussed in Section 3. The condition of the void formation has
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somewhat weaker dependence on Te than rough estimation and is
approximately expressed by

nc
e(0)[cm−3]∼ 107 pn[Pa]

T 1/2
e [eV]rp[µm]

. (25)

An example of the distribution near the critical condition is shown
in Fig.4.

4.4 Dust Particles of Two Species

We have also analyzed some cases where there exist two
species of dust particles. As is discussed in Section 3, we observe
that smaller particles are distributed inside of larger particles.

5. Simulation

In the previous sections, the behavior of dust particles in cylin-
drical discharge like PK-4 and PK-4J is analyzed on the basis of
the drift-diffusion equations which give average distributions. In
order to obtain their structure formations, it is necessary to take
the effect of discreteness into account. The interaction between
dust particles and its screening appear in this level of description
for particles and the ambient plasma. We here show the results
of structure formation obtained by numerical simulations of dust
particles.

5.1 Potential

In the case of uniform system where average densities of elec-
trons, ions, and dust particles satisfy the charge neutrality condi-
tion, dust particles are regarded as interacting via mutual Yukawa
repulsion and being confined by the potential due to neutralizing
background 6–8) (see Appendix). When the system is uniform but
within a cylinder, the latter potential has the cylindrical symmetry
and, if the system is at sufficiently low temperatures, dust parti-
cles are organized into shell structures. Examples are shown in
Figs. 5 and 6. These structures are expressed by simple interpo-
lation formulas to a good accuracy9).

In the case of dust particles in cylindrical discharge like PK-
4J, we have an external field coming from the nonzero average
charge density. When the density of dust particles is negligibly

small, we have the ambipolar field (14) as external potential for
dust particles. With the increase of the density, the neutralizing
background (average charge density of dust particles with the re-
versed sign) also becomes the source of the external potential.
Since it is rather difficult to accurately estimate the external elec-
trostatic potential or the contribution from the neutralizing back-
ground, we may evaluate two extreme cases where the external
potential is given by that of ambipolar diffusion and the external
potential completely flat (ideal uniform system).

As is shown in the previous Section, the charge neutrality be-
comes to be satisfied to a much better accuracy by the existence
of dust particles. We therefore expect the ambipolar potential be-
comes weak and, among two limiting cases of external potentials,
the flat external potential might be closer to the reality at least in
the domain where we have dust particles. Since we already ob-
tained the structures in the flat case by previous simulations, we
adopt the ambipolar potential in our simulations and try to predict
experimental results combining simulations in both cases.

5.2 Distribution in Ambipolar Potential and Effect
of Gravity

In Fig. 7, we show some structures of dust particles in the
ambipolar potential. We first note that the almost equal spacing
between shells is also realized in this potential. In addition, as
shown in the previous section, the charge neutrality becomes to
be satisfied to a much better accuracy by the existence of dust par-
ticles, the ambipolar potential becomes weak. Therefore, we may
apply the previous results for the structures in uniform cylindrical
case.

When we have the gravitational force, these structures are in-
fluenced. The case of gravitation perpendicular to the symmetry
axis may be convenient to observe the effect of gravity on the
structures. With the increase of the gravity, the structure moves
downward as a whole and the shells become compressed in the
direction of the gravity as naturally expected.

Experiments on the ground, deformed shell structure has been
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Fig. 5 Examples of shell structures in uniform cylinder (pro-
jection onto cross section)
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observed10). In our experiments 11), distributions of particles with
circular cross section are observed under microgravity and de-
formed shells are observed on the ground. Our results seem not
to be inconsistent with our theoretical works. For exact compar-
isons, however, some further improvement might be necessary.

When we have mixtures of dust particles of different radii, they
are separated by gravitation, even if the difference is rather small
as also shown in Fig. 7. In experiments, the system sometimes be-
comes a mixture of dust particles which are introduced and those
non-intentionally exist.

5.3 Effect of Anisotropic Interaction

The electric voltage is applied to electrodes at both ends of the
discharge tube and we have the flow of plasma along the axis
with alternating direction. It is known that in this kind of alter-
nating axial ion flow, the interaction between dust particles has an
anisotropic part approximately expressed by2)

−cM2
t
(Qα e)2

r3
i j

exp(−ri j/λ )(3cos2
θi j−1), (26)

where θi j is the angle between ri j and the axis. The typical value
of the ion thermal Mach number Mt is estimated to be around 0.5
from the discharge current of the order of 1 mA.

Structures of dust particles reflect the anisotropic part in their
mutual interaction. An example is shown in Fig. 8 where shells
are developed into planes for observation of configuration on
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Fig. 8 Example of effect of anisotropic interaction. Cross sec-
tional projection without anisotropic interaction (left),
the one with anisotropic interaction (center), and cylin-
ders (shells) cut-out into planes (right)

shells. We observe that the triangular lattice with defects in
the case of Yukawa interaction becomes oriented along the axis.
When looked at along the direction of the axis, shells are decom-
posed into points, or uniformly distributed points on the circle are
changed into lumps of dots on almost the same circle. The pro-
jected shell structure seems to change from concentric shells into
a kind of lattice of lumps.

6. Conclusion

The behavior of dust particles in cylindrical discharges like PK-
4J has been described based on both the drift-diffusion equations
and numerical simulations. The former approach gives the behav-
ior of densities of dust particles and the ambient plasma. We have
enhanced charge neutrality where dust particles exist in compar-
ison with the well-known case of ambipolar diffusion without
dust particles. The condition for the void formation is expressed
in terms of the particle radius, the electron temperature, and the
electron density. Since we aim at the bulk system of dust particles
without central void in our experiments by PK-4J, the results will
be helpful to design experimental conditions.

The effect of discreteness of dust particles is analyzed by simu-
lations. The structure formations are shown to be similar to those
in the uniform cylindrical system previously investigated, giving
almost equally spaced shells. The effect of the anisotropic part
of mutual interaction between dust particles gives the alignment
of the lattice structure on shells and eventually the alignment of
particles along the axis. As a typical effect of gravity, the de-
formation and separation of particles of different radii have been
shown as naturally expected. Details of the results can be used to
identify physical parameters of the system.
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Appendix: Potential in Uniform System

In the uniform system, the average densities of electrons, ions,
and fine particles, ne,i,α , satisfy the the condition of the charge
neutrality

ni = ne +Qα nα . (27)

In this case, within the linear response, fine particles mutually in-
teract via the Yukawa (Debye-Huckel) potential and are confined
by the potential φ due to neutralizing background charge of the
plasma (ni− ne = Qα nα )

6,7). The potential energy is written8)

as the sum of

∑
i> j

(Qα e)2

4πε0ri j
exp(−ri j/λ ) (28)

and

(−Qα e)φ(r) =
∫

dr′
−(Qα e)2nα

4πε0|r−r′|
exp(−|r−r′|/λ ). (29)

We emphasize that the existence of the potential φ is sometimes
overlooked in simple discussions of dusty plasmas. (Without φ ,
mutual repulsion of dust particles would lead to the explosion
of the system: Since the whole system is charge neutral, this is
certainly not the case.)

Particles develop their structure mutually repeling via the
Yukawa potential and being confined by the potential −(Qe)φ
of opposite charge background. For this kind of system with fi-
nite extention and cylindrical symmetry, the structures have been
analyzed and expressed by simple interpolation formulas9).
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